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Abstract. An analytic function / defined on the open unit disk IS = {z : |z| < f } is bi- 
univalent if the function / and its inverse are univalent in B. Estimates for the initial 
. coefficients of bi-univalent functions / are investigated when / and respectively 

CS| ■ belong to some subclasses of univalent functions. Some earlier results are shown to be 

special cases of our results. 

(N 

1. Introduction 

^ . Let S be the class of all univalent analytic functions / in the open unit disk D := {2; G 

I C : < 1} and normalized by the conditions /(O) = and /'(O) = 1. For / G 5, it 

is well known that the nth coefficient is bounded by n. The bounds for the coefficients 
give information about the geometric properties of these functions. Indeed, the bound for 
the second coefficient of functions in the class S gives rise to growth, distortion, covering 
theorems for univalent functions. In view of the influence of the second coefficient in the 
geometric properties of univalent functions, it is important to know the bounds for the 
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■ (initial) coefficients of functions belonging to various subclasses of univalent functions. In 

o: 

psj . this paper, we investigate this coefficient problem for certain subclasses of bi-univalent 

functions. 

Recall that the Koebe one-quarter theorem [8j ensures that the image of D under every 

■ univalent function / G 5 contains a disk of radius 1/4. Thus every univalent function / 
has an inverse satisfying f~^{f{z)) = z, {z & D) and 

f{r\w))=w, (|^|<ro(/),ro(/)>l/4). 

A function / G 5 is bi-univalent in D if both / and are univalent in ©. Let a denote 
the class of bi-univalent functions defined in the unit disk D. Lewin [12] investigated this 
class a and obtained the bound for the second coefficient of the bi-univalent functions. 
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Several authors subsequently studied similar problems in this direction (see [71[15]). A 
function / G o" is bi-starlike or strongly bi-starlike or bi-convex of order a if / and 
are both starlike, strongly starlike or convex of order a, respectively. Brannan and 
Taha [6] obtained estimates for the initial coefficients of bi-starlike, strongly bi-starlike and 
bi-convex functions. Bounds for the initial coefficients of several classes of functions were 
also investigated in [2H5l[9l[IIl[Ta[l6H20] . 

An analytic function / is subordinate to an analytic function g, written f{z) -< g{z), 
if there is an analytic function w : D — t- D with w{0) = satisfying f{z) = g{w{z)). 
Ma and Minda [13] unified various subclasses of starlike (S*) and convex functions (C) 
by requiring that either of the quantity zf'{z)/f{z) or 1 + zf"{z)/ f'{z) is subordinate 
to a more general superordinate function (p with positive real part in the unit disk D, 
(f{0) = 1, > 0, ip maps D onto a region starlike with respect to 1 and symmetric with 
respect to the real axis. The class S*{(p) of Ma-Minda starlike functions with respect to 
ip consists of functions / € 5 satisfying the subordination zf'{z)/f{z) -< ^plz). Similarly, 
the class C{(f) of Ma-Minda convex functions consists of functions / G 5 satisfying the 
subordination l + zf"{z)/ f'{z) -< f{z). Ma and Minda investigated growth and distortion 
properties of functions in S*{ip) and C{lp) as well as Fekete-Szego inequalities for S*{ip) 
and C{(p). Their proof of Fekete-Szego inequalities requires the univalence of (p. Ali et 
al. [3] have investigated Fekete-Szego problems for various other classes and their proof 
does not require the univalence or starlikeness of (p. In particular, their results are valid 
even if one just assume the function ip to have a series expansion of the form ip{z) = 
1 + Biz + i?2^^ + ■ ■ ■ , -Bi > 0. So in this paper, we assume that ip has series expansion 
p>{z) = 1 + Biz + i?22^ + ■ ■ ■ ) Bi, B2 are real and i?i > 0. A function / is Ma-Minda 
bi-starlike or Ma-Minda bi-convex if both / and are respectively Ma-Minda starlike or 
convex. Motivated by the Fekete-Szego problem for the classes of Ma-Minda starlike and 
Ma-Minda convex functions [13j, Ali et al. [Ij recently obtained estimates of the initial 
coefficients for bi-univalent Ma-Minda starlike and Ma-Minda convex functions. 

The present work is motivated by the results of K§dzierawski [TU] who considered 
functions / belonging to certain subclasses of univalent functions while its inverse 
belongs to some other subclasses of univalent functions. Among other results, he obtained 
the following coefficient estimates. 
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Theorem 1.1. [10] Let f E a with Taylor series f{z) = z + 02-2^ + ■ ■ ■ and g = . 
Then 

^.5894 iffeS,geS, 
2 iffeS*,geS*, 
1.507 zffeS*,geS, 
1.224 %ffeC,geS. 

We need the following classes investigated in [lH3]. 

Definition 1.1. Let (^9 : D — )■ C 6e analytic and ^p{z) = 1 + Biz + -62-2^ + ■ ■ ■ with Bi > 
and B2 E R. For a>0, let 



1 + 



f'iz) 



1-a 



In this paper, we obtain the estimates for the second and third coefficients of functions 
/ when 

(1) / G V{a,ip) and g := f-' G V{/3,^), or g e M{/3,^), or g E 

(2) f eMia,ip) and g e M{P,ij), or g e Ci(3,^), 

(3) /G£(a,^) and geC{(3,ij). 

2. Coefficient Estimates 
In the sequel, it is assumed that and are analytic functions of the form 
(2.1) ^{z) = 1 + Biz + B2Z^ + B^z^ + • • • , (5i > 0) 

and 



(2.2) 



^(z) = l + Diz + D2Z^ + D^z^ + 



[Di > 0). 



Theorem 2.1. Let f E a and g = f ^ . If f E V{a, (p), g E V{(3, i})) and f of the form 

00 

(2.3) fX,) = , + J2' 



(lr)Z 



n=2 
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then 

(2.4) ^ 

, , ^ BiDiJBi{l + 3/3) + Di(l + 3«) 

ki2 < — , 

" VWBfDl - (1 + 2a)2(l + 3/3)(52 - ^O^? - (1 + 2/3)2(1 + 3a)(Z}2 - Di)Bf\ 

and 

il + 2(3fBl\D2-D,\ 



(2.5) 2a|a3| <fii(3 + 10/3)+ Di(l + 2«) + (3 + 10/3)1^2 -fill + 

(1 + 2a) 

w/iere a := 2 + 7a + 7/3 + 24a/3. 

Proof. Since / G P(a,v9) and (7 G V{f3,i/j), g = f^^. There exist analytic functions 
M, w : D D, with ■u(O) = v{0) = 0, satisfying 

, zf'(z) az^f'iz) , , , wq'(w) I3w^q"(w) , , , 

/(2;) f{z) g{w) g{w) 

Define the functions pi and p2 by 

1 + u(z) 2 1 / \ 1 + ^(^) 2 

pWz) := -— = 1 + C12; + C22; H and p2{z] := -— = 1 + biZ + b2Z H , 

1 — u[zj 1 — v[zj 

or, equivalently, 
and 

Then pi and p2 are analytic in D with pi{0) = 1 =^2(0). Since -u, f : D — D, the functions 
Pi and P2 have positive real part in D, and < 2 and |cj| < 2. In view of fl2.6p . fl2.7p 
and (12. 8p . clearly 
(2.9) 

z/'(2;) , az'^f"{z) _ ^ / pi(2:) - 1 \ W(w) ^ /3w^^^'(w) ^ ^ / P2(w) - 1 



/(2;) /(2;) \pi{z) + lj g{w) g{w) \p2{w) + 1 

Using (ETD and ([23]) together with ([2J]) and (Q, it is evident that 

and 
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Since / has the Maclaurin series given by (12. 3p . a computation shows that its inverse 
g = has the expansion 

g{w) = f~^{w) = w — a2w'^ + {2a\ — a'i)w^ + ■ ■ • . 

Since 

+ ^1^1 ^ = 1 + a2(l + 2a)z + (2(1 + 3a)a3 - (1 + 1a)al)z^ + ■ ■ • 

and 

+ = 1 _ (1 + 2/3)a2^ + ((3 + 10/3)a^ - 2(1 + W)a^)w^ + ■ ■ ■ , 

g{w) g{w) 

it follows from ([21]), fl2A0|) and f l2lT|) that 

(2.12) a2(l + 2a) = ^Bici, 

(2.13) 2(1 + 3a)a3 - (1 + 2^)0^ = ^B, (^C2 " f ) + ^^2C?, 

(2.14) _ (1 + 2/3)a2 = 
and 

1 / 52 \ 1 

(2.15) (3 + 10f3)al - 2(1 + 3/3)a3 = 77^1 ^2 - 17 + 7^2&?. 



2 V 2 J 4 
It follows from (|2A2|) and (EUD that 

(2.16) ^ -^41±M,, 

^ ' Di(l + 2«) 

Equations flTOD . fl27[3|) . f l2J[5|) and f l216|) lead to 

2 ^ gi^D^[Ei(l + 3/3)c2 + /^i(l + 3a)&2] 

- 2[cr52Z}2 _ (1 + 2a)2(l + 3/3)(52 - ^i)/}? _ (1 + 2/3)2(1 + 3a)(D2 - Di)Bj] ' 

which, in view of the well-known inequalities I62I < 2 and |c2| < 2 for functions with 
positive real part, gives us the desired estimate on \a2\ as asserted in (12. 4p . 
By using (l^TT^ . and (EH lead to 

2aa3 = i [5i(3 + 10/3)c2 + Z^i(l + 2a)b2] 



+ 4 



L , .nm.o o^ , (l + 2/3)252(Z}2-Di 



(3 + 10/3)(52-5i) + 



Dl{l + 2a) 

and this yields the estimate given in (12.51) . □ 
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Remark 2.1. When a = f3 = and Bi = Di = 2, then (12.41) reduces to Theorem 11.11 
When P = a and ip = if, Theorem 12.11 reduces to [1, Theorem 2.2]. 

Theorem 2.2. Let f e a and g = /"^ /// G V{a,ip) and g G M{/3,iIj), then 
(2.17) 



, . BiDiJBi{l + 2P) + Di{l + 3a) 

P2 < 



^/WBfDf - (1 + 2a)2(l + 2f3){B2 - B^)Dl - (1 + I3f{l + ?,a){D2 - Di)Bl\ 
and 

{l + PfBl\D,-D,\ 



(2.18) 2a\a^\ < B,{3 + 5/3) + Di{l + 2a) + (3 + 5/3)1^2 - Bi\ 
where a := 2 + 7a + 3(3 + lla(3. 



Df{l + 2a) 



Proof. Let / G V{a,ip) and (7 G A^(/3,-?/'), g = f ^- There exist analytic functions 

u,v:]S)^B, with u{0) = v{0) = 0, such that 

(2.19) 

zf'{z) az^f"{z) n.wg'{w) . n(. , wg"{w)\ , , , 

+ — X/ A = Viu[z)) and (1-/3) . . + /3 1 + . \=%l){v{w)), 



f{z) f{z) g{w) \ g'{w 

Since 

zfi^ + J ^""^ = 1 + 02(1 + 2a)z + (2(1 + 3a)a3 - (1 + 2a)a^)z2 + . . . 

and 

(1 - 13) ^^^^ + /3 f 1 + !^^^JM^ = 1 - (1 + (3)a2W + ((3 + 5/3)a2 - 2(1 + 2/3)03)^;^ + 
^(w) V 9\w) J 

then fl2J0D . fl2TT]) and fl219l) yield 

(2.20) a2(l + 2«) = ^Eici, 

(2.21) 2(1 + 3a)a3 - (1 + 2a)al = ^B, (^C2 " + i^^c?, 

(2.22) - (1 + /3)a2 = ^D,h 



and 

(2.23) (3 + 5l3)al - 2(1 + 2/3)a3 = ^/^i (^62 " f ) + ^^2&?. 

It follows from fl2:20|) and f l2:22|) that 
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Equations fl2:20|) . ([MI]), and ( KMf lead to 

2 ^ + 2/3)c2 + Dijl + 3a)b2] 

- 2[aBlDf - (1 + 2a)2(l + 2/3)(52 - ^i)/}^ _ (i + 2^)2(1 + 3a){D2 - Di)Bf] ' 

which gives us the desired estimate on \a2\ as asserted in (12.171) when I62I < 2 and |c2| < 2. 
Since dMH), (12231) and fl^:^ lead to 

2aa3 = ^[Bi{3 + 5/3)c2 + + 2a)62] 



(3 + 5/3)(S2-5i) + 



Dl{l + 2a) 

and this yields the estimate given in f l2.18p . □ 

Theorem 2.3. Let f E a and g = f'^. If f E V{a,(f) and g G C{f3,ilj), then 
(2.25) 

5iZ}iv/2[5i(3-2/3) + Di(l + 3a)] 

P2 < 



and 



v/|a52D2 - 2(1 + 2a)2(3 - 2(3){B2 - B^)Dl - 2(2 - /3)2(1 + 3a){D2 - D,)Bl\ 



Wa^\ < \bi{(^^ - 11/3 + 16) + A(l + 2a) + ^(/J^ - 11/3 + 16)|52 - 5i| 



(2.26) ^(2-/3^^1/^.-^1 



L'?(l + 2a) 

t/;/iere a := 10 + 36a - 7/3 - 25a/3 + /32 + 3a/32. 

Proof. Let / G P(a,<y5) and g G C{f3,4'), g = f^^. Then there are analytic functions 
u,v -.I} ^B, with ■u(O) = v{0) = 0, satisfying 

Since 

^f(z) ^ ^ ^ ^ ^^^^ ^ 2a)z + (2(1 + 3a)a3 - (1 + 2a)al)z^ + ■■■ 

and 

wg [w) \ f _^ ^ wg [w^ ^ 



9{w) J V 9'{w) 
1 - (2 - /3)a2W + ((8(1 -13) + ^PiP + 5))al - 2(3 - 2/3)a3^w^ + 
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then fl210D . fl2ll]) and (IXTTD yield 



(2.28) 



(2.29) 



02(1 + 2a) = ^BiCi, 



1 / 1 
2(1 + 3a)a3 - (1 + 2a)al = -Bi ( cs - ^ j + -B2CI 



(2.30) 

and 

(2.31) 



(2 - /3)a2 = 



/3 



[8(1 - /3) + ^(/3 + 5)]ai - 2(3 - 2/3)a3 = ^2 - 77 + t/^2&I. 



4 



It follows from (E^HD and f l230D that 



(2.32) 



bi 



-Ci. 



Di{l + 2a) 

Equations ^M), f l23T|) and f l232|) lead to 

2 BfDl[B,{3 - 2f3)c2 + Di{l + 3a)&2] 

~ aBfDf - 2(1 + 2«)2(3 - 2/3)(52 - ^OD? - 2(2 - /3)2(1 + 3a)(D2 - A)^?' 

which, in view of the well-known inequalities I62I < 2 and |c2| < 2 for functions with 



positive real part, gives us the desired estimate on \a2\ as asserted in fl2.25p . 
By using ^Ml, and f l232|) lead to 



eras 



-i(/32 - 11/3 + 16)c2 + ^(1 + 2a)62 



2 



+ 



4 



-(/32-ll/3 + 16)(52-Bi 



(2-/j)^i?,^(Z}2-A 
/^?(l + 2«) 



and this yields the estimate given in (I2.26p . 



□ 



Theorem 2.4. Let f e a and g = f~^. If f e M{a,(p), g e (/?,■?/'), then 
(2.33) 

fiiDiv/5i(l + 2/3) + ^1(1 + 2a) 



P2 < 



v/|afi2z)f - (1 + a)2(l + 2/3)(i?2 - 5i)/^? - (1 + /3)2(1 + 2a)(Z}2 - D^)Bl\ 



and 



(2.34) 2a|a3| < 5i(3+5/3)+Di(l+3a) + (3+5^)|52-5i|4 
where a := 2 + 3a + 3f3 + Aa(3. 



{1 + l3)^{l + 3a)Bl\D2- Di\ 
Dl{l + a)2 
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Proof. Let / G M.{a,(f) and g G A^(/3, ■?/'), g = f^^. Then there are analytic functions 

M, f : D D, with u{0) = f (0) = 0, satisfying 

(2.35) 



\ f'{z) J giw) \ g'iw) 



i){v{w)), 



Since 

zf'(z) ( zf"(z) 
(1 - + a\l + -jT^j = 1 + (1 + a)a2Z + (2(1 + 2a)a3 - (1 + 3a)al)z^ + ■ 

and 

(1 - f3) + (3(1 + = 1 - (1 + (3)a2W + ((3 + 5/3)a^ - 2(1 + 2/3)03)11;' + 

^(w) V 9 {w) J 

then (I210il . (I2TTII and (l235ll yield 

(2.36) a2(l + a) = ^5ici, 

(2.37) 2(1 + 2a)a3 - (1 + 3a)al = ^B, (^C2 " f ) + ^^2C?, 

(2.38) - (1 + /3)a2 = ^D,h 
and 

(2.39) (3 + 5P)al - 2(1 + 2/3)a3 = ^/^i (^62 " f ) + ^^2&?. 
It follows from fl2:36|) and ( 1238|) that 

(2.40) ^ -|4i±«... 

1)1(1 + a) 

Equations f l236|) . ([23ZD. f l239|) and f lCT]) lead to 

52D2[5^(1 + 2/3)c2 + /)i(l + 2a)62] 



an 



2 2^52^2 - 2(1 + a)2(l + 2/3)(52 - B,)Df - 2(1 + /3)2(1 + 2a){D2 - D,)Bl' 
which, in view of the well-known inequalities I62I < 2 and |c2| < 2 for functions with 
positive real part, gives us the desired estimate on \a2\ as asserted in f l2.33p . 
By using f l07|) . ^IM) and f CT]) lead to 

2aa3 = ^(3 + 5/3)c2 + ^(1 + 3a)62 + j [(3 + 5/3)(52 - fii) 
^ (1^/3)2(1 + 3a)i?2(Z}2-/)i; 
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and this yields the estimate given in f l2.34p . □ 

Remark 2.2. When /3 = a and i/j = (p, Theorem 12.41 reduces to [H Theorem 2.3]. 

Theorem 2.5. Let f E a and g = f'^. If f E M{a,Lp), g E C{(3,ip), then 
(2.41) 

, I ^ BiDiy/2[Bi{3 - 2/3) + D,{1 + 2^] 

" VWB^Dl - 2(1 + a)2(3 - 2/3)(52 - Bi)Dl - 2(2 - /3)2(1 + 2a)(D2 - D,)Bf\ 

and 

B 1 

Wa^l < -j{[3^ - 11/3 + 16) + A(l + 3a) + -(^' - 11/3 + 16)1^2 - Bi\ 

^2.42) + (2-/3)^(l + 3a)i?f|D2-/^i| 



where (x := 10 + 14a - 7/3 + /32 + 2a(5'^ - lOa/3. 

Proof. Let / E M.{a,ip) and g E £(/3, ■?/'), (7 = /^^. Then there are analytic functions 

: D D, with ■u(O) = v{Q) = 0, satisfying 
(2.43) 



Since 



zf'(z) [ zf"(z) 
(1 - a)47V + tt 1 + ^TtV ) = 1 + (1 + «)«22 + (2(1 + 2a)a3 - (1 + 3a)al)z^ + 



wg'[w) \ f . wg"{w)^ ^ ^ 



and 



9{w) J V ^'(«^) 
= 1 - (2 - I3)a2w + (^(8(1 - /3) + i/3(/3 + 5))a^ - 2(3 - 2l3)a-^w^ + ■■■ 

then fl^TUD . fim]) and (ITiSD yield 

(2.44) a2(l + a) = i^ici, 

1 / 1 

(2.45) 2(1 + 2a)a3 - (1 + 3a)al = -BAc^ - ^] + -B^cl, 



(2.46) - (2 - /3)a2 = i^i^i 
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and 

, o.o om. _ln , 1 



(2.47) [8(1 - /3) + |(/3 + 5)]ai - 2(3 - 2/3)a, = -D, [h^ " + 1^2^. 

It follows from fICTll and (ElED that 

Equations f lCTj) . ([235]), f lCTjl and (jZlH]) lead to 

2 ^ BlDl[Bi{?, - 2/3)c2 + A(l + 2a)&2] 

~ aBlDl - 2(1 + a)2(3 - 2/3)(52 - B{)Dl - 2(2 - /3)2(1 + 2a)(D2 - Di)^^ ' 

which, in view of the well-known inequalities I62I < 2 and |c2| < 2 for functions with 
positive real part, gives us the desired estimate on \a2\ as asserted in fl2.4ip . 
By using ([235]), (IXiTj) and f lCT]) lead to 

eras = ^(/3' - 11/3 + 16)c2 + ^(1 + 3a)&2 + j [(/?' - 11/3 + 16)(52 - 5i) 



{2- Pf{l + 'ia)Bl{D2-D 



DlH + a) 

and this yields the estimate given in f l2.42p . □ 

Theorem 2.6. Let / G cr and g = f~^. If f G C{a,ip), g G C{l3,il>), then 
(2.49) 

, ,^ 5iDiv/2[fii(3 - 2/3) + Di(3 - 2a)] 

P2 S 



and 



^\aBlDl - 2(2 - «)2(3 - 2;g)(fi2 - ^OD? - 2(2 - /3)2(3 - 2a){D2 - D^)Bl\ 

2\aa^\ < Bi{(3'^ - 11/3 + 16) + L>i(8 - 5a - a^) + {(3'^ - 11/3 + 16)1^2 - Bi\ 
(2 - /3)2(a2 + 5a - 8)fii2|/}2 - Di| 



(2.50) + 



Dl{2-af 

where a := 24 + 3^2 + 3/32 _ 17^^ _ 17/3 _ 2/3^2 _ 2^/32 - 12a/3. 

Proof. Let / G £(a,(y9) and (7 G C{P,tp), g = f~^. Then there are analytic functions 

M, : D D, with ■u(O) = t;(0) = 0, satisfying 

(2.51) 

1 + r,,A =vi.u[z)), 1+ =^(t;(^i;)). 
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Since 



1-a 



and 



1 + (2 - a)a2Z + ( 2(3 - 2a)a3 + — — - — — ] + ■ 



wg [w) 



,11 XN 1-/3 



9iw) J V ' 9'{w) 
= 1 - (2 - f3)a2W + (^(8(1 - /3) + + 5))a^ - 2(3 - 2f3)a3^w^ + ■■■ 

then fl2J0D . fl2Jl]) and fl23TD yield 



(2.52) 



02(2 -a) = ^BiCi, 



(2.53) 2(3 - 2a)as + ^[{a- 2f - 3(4 - 3a)]a^ = ]^B^ (^2 - f ) + l^^cl 



[8(l-/3) + ^(/3 + 5)]a^-2(3-2/3)a3 



5i(2-/3) 



2 V 2 



(2.54) - (2 - /3)a2 = 

and 
(2.55) 

It follows from fl232|) and ( 1234]) that 

(2.56) fei = -— -— ^ci. 

^1(2 - a) 

Equations (l232|) . (|233|) . ( 1235|) and f l236|) lead to 

2 ^ BlDl[B^{'i - 2/3)c2 + Di(3 - 2^)62] 

~ aBlDl - 2(2 - a)2(3 - 2/3)(52 - ^^D^ - 2(2 - /3)2(3 - 2a){D2 - D^)Bl ' 

which, in view of the well-known inequalities I62I ^ 2 and |c2| < 2 for functions with 



positive real part, gives us the desired estimate on \a2\ as asserted in f l2.49p . 
By using fl233|) . (I235|) and f l236|) lead to 



2cra-^ 



^(/32 - 11/3 + 16)c2 + ^(8 - 5« - a')h2 



4 



(/3'-ll/3 + 16)(fi2-5i 



+ 



(2 - /3)^(a^ + 5a - 8)^1^(1^2 - Di) 
Dl{2-af 



and this yields the estimate given in f l2.50p . 



□ 
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Remark 2.3. When /3 = a and ip = Theorem 12.61 reduces to [H Theorem 2.4]. 
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